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Although metamaterials or metasurfaces consisting of patterned subwavelength structures have been
widely employed for thermal emission control, the collective behavior of the emitter array in a metasurface
still remains unclear. Here, based on the quasinormal mode theory, we derive a new scale law to elucidate
the far-field thermal emission from a metasurface composed of densely packed plasmonic nanoemitters.
The tight binding method is used to approximate the collective resonant mode of the emitter array. Because
of in-phase near-field interaction, the thermal radiation from a single emitter in a metasurface is suppressed
by its adjacent emitters. We find that the overall far-field thermal radiation from a metasurface can be either
positively or negatively correlated with the packing density of the emitters, depending on the mode
properties of the single emitter. This new scale law thus serves as a general guideline for designing
metasurfaces with desired thermal emission properties.
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Thermal radiation, which physically originates from the
electromagnetic waves emitted from thermally induced
random currents in materials, plays a vital role in many
fields, such as energy conversion [1–6], infrared sensing
[7,8], radiative cooling [9–14], and thermal management
[15–18]. In recent years, metasurfaces consisting of an
array of subwavelength plasmonic thermal emitters have
emerged as an important platform to actively control and
manipulate far-field thermal radiation [19–27]. Although
the far-field thermal radiation from a single plasmonic
thermal emitter is well comprehended under the framework
of quasinormal mode (QNM) theory [20,28] and coupled
mode theory [29,30], the collective behavior of the closely
packed nanoscale plasmonic emitters in a metasurface
remains largely unknown.
Here we develop a new scale law to predict and design

the thermal emission from a metasurface based on QNM
theory and the tight-binding (TB) method. In this new
theory, the thermal emission from one individual subwa-
velength emitter in a metasurface is described by QNM
theory, whereas the TB method is employed to quantify the
shift of the thermal emission spectrum due to the inter-
actions between the emitters. Based on this new scale law,
we can quantitatively describe the suppression of thermal
emission from a single plasmonic emitter when coupled
with adjacent emitters in the same phase. We find that
depending on the QNM properties of a single emitter, the
overall far-field thermal radiation from the metasurface can
be either positively or negatively correlated with the
packing density of the emitters. We also experimentally
verify the new scale law by fabricating and measuring
plasmonic metasurfaces made by gold nanorods. Hence,
this new scale law could perform as a general theoretical
framework for designing metasurfaces with desired thermal

emission properties, which has important implications in
thermal energy conversion, thermal management, and
infrared sensing.
QNMs, which are the eigensolutions to the source free

Maxwell equation in the non-Hermitian system [31–33],
were introduced to quantitatively describe the thermal
radiation from a single plasmonic thermal emitter. The
TB method was first introduced to calculate the electronic
band structure based upon the superposition of wave
functions of isolated atoms [34,35]. Here we adopt
the same methodology to account for the modification
of the single emitter’s QNM inside the array, provided
that the electric field of a plasmonic emitter is
highly confined around its surface. Because of the
translational symmetry of the plasmonic emitter array
in a metasurface (Fig. 1), the collective QNM of the entire
emitter array should follow the form of Bloch’s wave.
Therefore, the QNM is a periodic function of the
lattice constant of the emitter array Rl ¼ lxPxêxþ
lyPyêy, which are En½ωðkÞ;r�¼ð1= ffiffiffiffi

N
p ÞPlanðRl;rÞeik·Rl ,

FIG. 1. Schematic of an array of resonant thermal emitters in a
plasmonic metasurface.
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Hn½ωðkÞ; r� ¼ ð1= ffiffiffiffi
N

p ÞPl bnðRl; rÞeik·Rl . lx and ly here
are the integers. N is the number of emitters considered.
The coefficients anðRl; rÞ and bnðRl; rÞ are two sets of
Wannier functions which only depend on r − Rl.
Since the QNM of a plasmonic emitter is highly

confined around its surface, we assume that the QNM of
the entire emitter array behaves similarly in the vicinity of
each emitter as it does in the case of a standalone
single emitter. Therefore we can use the QNM of a single
emitter fenðωn; rÞ;hnðωn; rÞg as the approximation
of anðr − RlÞ and bnðr − RlÞ, namely, En½ωðkÞ; r� ¼
ð1= ffiffiffiffi

N
p ÞPl enðωn; r − RlÞeik·Rl ; Hn½ωðkÞ; r� ¼ ð1= ffiffiffiffi

N
p Þ×P

l hnðωn; r − RlÞeik·Rl . Here, fenðωn; rÞ; hnðωn; rÞg is the
solution to the source free Maxwell equation for a stand-
alone emitter:

∇ × enðωn; rÞ ¼ iωnμ0hnðrÞ;
∇ × hnðωn; rÞ ¼ −iωnεsðωn; rÞenðrÞ; ð1Þ

where εsðωn; rÞ is the permittivity function for the emitter.
In order to satisfy the boundary conditions of Maxwell’s
equation, the coefficients of the Bloch-form QNM of the
metasurface should be modified as the following form:
ẽnðωn;r−RlÞ¼enðωn;r−RlÞγðωn;r−RlÞ, h̃nðωn;r−RlÞ¼
hnðωn;r−RlÞγðωn;r−RlÞ, where γωn;l ¼ γðωn; r − RlÞ ¼
1=

P
l εsðωn; r − RlÞ and εs here is defined inside the

repeating unit cell indexed by the lattice constant ðlx; lyÞ.
Thus, the new Bloch-form QNM satisfies the continuous
boundary conditions at the interface of the emitter and the
background material.
Substituting the QNM of the entire emitter array

into the source-free Maxwell equation ∇ ×HnðrÞ ¼−iωðkÞεt½ωðkÞ; r�EnðrÞ, we have
X
l

1ffiffiffiffi
N

p ∇×hnðωn;r−RlÞeik·Rlγωn;l

¼ 1ffiffiffiffi
N

p
X
l

eik·Rlγωn;l½−iωnεsðωn;r−RlÞenðωn;r−RlÞ�

¼ 1ffiffiffiffi
N

p
X
l

− iωðkÞεt½ωðkÞ;r�enðωn;r−RlÞeik·Rlγωn;l: ð2Þ

Note that εt½ωðkÞ; r� is the permittivity function of
the emitter array which is related to the single emitter
permittivity function by εtðω; rÞ ¼

P
l εsðω; r − RlÞ: Now

we obtain the new equation between the modified resonant
frequency ωðkÞ and the resonant frequency of the single
emitter ωn:X

l

eik·Rlγωn;lωnεsðωn; r − RlÞenðωn; r − RlÞ

¼
X
l

eik·Rlγωn;lωðkÞεt½ωðkÞ; r�enðωn; r − RlÞ: ð3Þ

Multiplying both sides of Eq. (3) with enðωn; r − Rl0 Þ
and integrating over the whole emitter array volume, we get

X
l

Z
dr3eik·Rlγωn;lωnεsðωn; r − RlÞen;len;l0

¼
X
l

Z
dr3eik·RlωðkÞγωn;lεt½ωðkÞ; r�en;len;l0 ; ð4Þ

where en;l ¼ enðωn; r − RlÞ. If the distance between
adjacent emitters is not significantly smaller than the
lateral dimension of the emitters and the index l0 is set
to be (0,0) or 0, then the left-hand side (lhs) of Eq. (4) is
reduced to

P
l

R
dr3eik·Rlγωn;lωnεsðωn; r − RlÞen;len;l0 ¼R

dr3γωn;0ωnεsðωn; rÞen;0en;0. Finally, the modified reso-
nant QNM frequency of the emitter array can be calculated
by solving the following equation:

X
l

Z
dr3eik·Rlγωn;lωðkÞεt½ωðkÞ; r�en;len;l0

¼
Z

dr3γωn;0ωnεsðωn; rÞen;0en;0: ð5Þ

The index l only needs to run over the nearby emitters to
obtain the accurate result. If we only consider the coupling
effect from the nearest emitters, the modified resonant
frequency for the 2D array of emitters in a metasurface can
be calculated as follows:

ωðkÞ ¼ Is0
It0 þ 2 cosðk · R0ÞIt1;x þ 2 cosðk · R0ÞIt1;y

ωn: ð6Þ

The integral Isl ¼
R
dr3eik·Rlγωn;lεsðωn; rÞen;0en;l, Itl ¼R

dr3eik·Rlγωn;lεt½ωðkÞ; r�en;0en;l. The integrals It1;x and It1;y
are mode overlapping terms from the adjacent emitters in
the x and y direction, respectively. Equation (6) could be
solved iteratively. If the mode overlapping terms It1;x and
It1;y are small as compared to the zero-order coupling term
It0, then ωðkÞ ¼ ω ¼ ωnIs0=I

t
0. In this case, the resonant

frequency has no dispersion with respect to the lattice
momentum k.
For a metasurface made from an array of plasmonic

emitters with Px and Py as the periodicities in the x and y
directions, we assume that there exists a unit cell A
including N þ 1 emitters, where when the center emitter
is thermally excited, the rest of N emitters are coupled to it,
and the coupling of the emitters outside this unit cell can be
neglected. We follow the same mathematical derivation in
our previous work [28] to rewrite the far-field thermal
radiation from the unit cell. As an approximation, we use
the QNM of a single emitter to calculate the coupling
strength in the emitter array. The modification of the
resonant frequency is addressed by the TB method. We
can express the far-field thermal radiation from one emitter
inside the array in terms of the fractional losses DE, DA,
and D∞ from the single emitter’s QNM profile yet at the
modified resonant frequency ω0.
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ϕ∞ðω0Þ ¼ 4

�
DE

D∞ þDE þP
N
i¼1 DAi

F

�

×

�
P − DE þP

N
i¼1 DAi

D∞ þDE þP
N
i¼1 DAi

F

�
; ð7Þ

where DE ¼ R
VE

dr03 1
2
σEReðω0ÞjEðr0Þj2, D∞¼R

∂Vdr2 ×
1
2
Re½EðrÞ×H†ðrÞ�, and DAi

¼R
VAi

dr31
2
σAi

Reðω0ÞjEAi
ðrÞj2.

P and F are two imperfection factors that each has a value
between 0 and 1. Here EAi

is the QNM excited inside the
ith emitter. ϕ∞ðω0Þ is the reduced heat flow, and the
overall radiative heat flux can be estimated as Φ∞ ¼R ðdω=2πÞΘðω; TÞ½ð1=AÞLðωÞϕ∞ðω0Þ�, where Θðω; TÞ is
the Planck term, LðωÞ is the Lorentzian line shape function
LðωÞ ¼ Imðω0Þ2=fImðω0Þ2 þ ½Reðω0Þ − ω�2g [28]. The
relative magnitude of DE and DAi

is determined by the
coupling strength of the center emitter and the ith emitter.
For two emitters to be coupled, the excitation of the QNM
in one emitter needs to effectively invoke the same QNM in
the other emitter. To quantitatively investigate the coupling
strength between two adjacent emitters placed in the near
field, we can integrate the QNM field overlapping as
fnðrÞ¼

R
dr03E0ðr0Þ†Enðr0−rnÞ=Rdr03E0ðr0Þ†E0ðr0Þ, where

E0 and En are the electrical fields of the QNMs of the center
emitter and the nth emitter, respectively, and rn is the
location of the nth emitter center. Thus, the relative
intensity of the QNM field incurred inside the neighboring
emitters can be evaluated. We further introduce the effec-
tive number of emitters coupled,

Neff ¼
XN
n¼1

fnðrÞ; ð8Þ

to calculate the far-field thermal radiation from one emitter
in the array.
Under the electric quasistatic approximation for a plas-

monic emitter, the imperfection factors P and F approach
unity [28]. By utilizing the effective number of emitters
coupled, we can get

P
i DAi

¼ NeffDE. Finally, the far-field
thermal radiation from one emitter inside the array becomes

ϕ∞ðω0Þ¼
4DED∞

½ðNeff þ1ÞDEþD∞�2
¼ 4β

½ðNeff þ1Þβþ1�2 ; ð9Þ

where β ¼ ðDE=D∞Þ. Depending on the coupling strength
of the plasmonic emitters, there exist three types of scaling
behaviors for the far-field thermal radiation as follows.
(i) When the plasmonic emitters are in the overcoupling
regime [36,37], the QNMs of individual emitters are in the
same phase and intensity. Hence Neff approaches N as
indicated by Eq. (8), and the total thermal radiation from
(N þ 1) such plasmonic emitters inside the unit cell is
ϕ∞;totalðω0Þ ¼ f4ðNþ 1Þβ=½ðNþ 1Þβþ 1�2g ∝ f1=Nþ 1g:
Thus, it indicates that the total thermal radiation from
overcoupled plasmonic emitter array will be inversely

proportional to the packing density. (ii) When the plas-
monic emitters are in the noncoupling regime, the QNMs of
individual emitters are in uncorrelated phase, hence Neff
becomes 0. The total thermal radiation from such an
uncoupled plasmonic emitter array is ϕ∞;totalðω0Þ ¼
f½4ðN þ 1Þβ�=½ðβ þ 1Þ2�g ∝ ðN þ 1Þ: This implies that
the total thermal radiation is now proportional to the packing
density of the plasmonic emitter array. (iii) When the
coupling between adjacent plasmonic emitters leads to the
opposite phase for their QNMs,Neff could become a negative
value (see SupplementalMaterial [38]), and the total thermal
radiation from such a plasmonic emitter array is able to
deliver superior power as compared to the conventional
uncoupled plasmonic emitter array [36,37]: ϕ∞;totalðω0Þ ¼
f4ðNþ 1Þβ=½ðNeff þ 1Þβþ 1�2g> ½4ðNþ 1Þβ=ðβþ 1Þ2� ¼
ðNþ 1Þϕ∞;uncoupled. It should benoted that the cases in (i) and
(iii) arrive at the same scaling behaviors as reported in the
previous work [36], which are referred to as the “super-
radiance” and “subradiance” effects, respectively. For the
cases other than the aforementioned three scenarios, the
thermal radiation from one emitter inside the array is always
suppressed, compared with the thermal radiation from the
stand-alone single emitter, 4β=ðβ þ 1Þ2 (see Supplemental
Material [38]). As the distance between adjacent emitters
decreases, the thermal emission from one emitter inside the
array ϕ∞ is continuously suppressed, while the packing
density increases simultaneously. If the decreasing rate ofϕ∞
is larger than the increasing rate of the packing density, the
total thermal radiation from the unit cell will be positively
correlated with the packing density. Otherwise, the total
thermal radiation will be negatively correlated with the
packing density.
To verify this new scale law, we theoretically and

experimentally investigate the far-field thermal radiation
from metasurfaces consisting of gold nanorod arrays. Each
nanorod emitter has a rectangular shape with 2.5 μm in
length, and 70 nm×80 nm in the cross-section area. In the
experiment, the nanorod emitter array is placed on a
substrate which is designed to reflect all the infrared
radiation to the upper space for the measurement purpose.
The substrate is composed of a 150 nm thick alumina layer
and a 50 nm thick aluminum layer deposited on a silicon
thermal oxide wafer. The spatial distribution function of the
electrical field intensity around a single nanorod emitter
with and without the substrate is plotted in Fig. 2(a) for
the first resonance frequency, and the corresponding QNM
field profile is shown in the inset of Fig. 2(a). The
exponential decay of electric field intensity leads to a
fast-descending coupling strength and effective number of
emitters coupled to the center one with respect to the
distance between adjacent emitters, as shown in Fig. 2(b).
The coupling strength can vary when emitters are aligned in
different directions. In this case, the coupling strength in the
x direction (shoulder to shoulder) is stronger than that in the
y direction (head to head) because of the dipolelike QNM
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profile. Also, the coupling strength is weakened when the
emitter is placed on the high-index substrate as shown by
the blue curve in Fig. 2(a). The weak coupling makes it
difficult to observe the subradiance effect or reach the
superradiance limit. For this QNM, the value of β is
calculated to be 0.11 by the frequency-domain finite

element method, and the reduced radiative heat flow ϕ∞
at the resonant frequency from the stand-alone nanorod
emitter is 0.36. By normalizing to the blackbody limit [28]
ΦBB ¼ R ðdω=2πÞΘ ðω; TÞð2π=λ2Þ, the emissivity of the
metasurface at the resonant frequency can be calculated.
Here we first investigate the suspended nanorod

emitter array in vacuum where Py ¼ 3.5 μm but Px varies.
In Fig. 2(c), the predicted reduced radiative heat flow from
one emitter inside the array is plotted in the blue curve. The
corresponding emissivity is plotted in Fig. 2(d). The
maximum emissivity of 0.72 is achieved when Px is around
500 nm. To validate our theory, we directly calculate the
far-field thermal radiation from the metasurface using the
Wiener chaos expansion (WCE) method [22,39]. The direct
calculation and the prediction from the new scale law show
good agreement, as shown in Figs. 2(c) and 2(d).
We experimentally measure the emissivity of metasurfa-

ces made from the nanorod emitter arrays, where the
emissivity is indirectly evaluated as the absorptivity accord-
ing to Kirchhoff’s law (see Supplemental Material [38]).
The scanning electron microscopy image of the fabricated
nanorod emitter array is shown in Fig. 3(a). For Py ¼
3.5 μm, the measured emission spectra with varied Px are
plotted in Fig. 3(b). Indeed, the emissivity increases mono-
tonically with the packing density as shown by both the
experiment results and the theoretical prediction in Fig. 4(a),
and the maximum emissivity point is pushed to be around
Px ¼ 100 nm. The overall emissivity is also larger than that
without the substrate. The decrease of the mode coupling
strength in the existence of a high-index substrate leads to
larger thermal emission from the individual emitter at the
same packing density, thereby resulting in a smaller opti-
mized periodicity value and a larger maximum emissivity as
compared to the case in vacuum [Fig. 2(d)]. There is a
redshift of the resonant frequency of the nanorod emitter
inside the array when Px decreases [Fig. 4(c)]. The new

FIG. 3. (a) SEM image of the nanorod emitter array when Py ¼ 2.7 and Px ¼ 0.5 μm. (b) Measured emission spectra of a nanorod
emitter array when Py is fixed to be 3.5 μm but Px varies, and (c) when Px is fixed to be 0.5 μm but Py varies. The color bar on the right
represents the emissivity of the nanorod emitter arrays.

FIG. 2. (a) Electric field intensity around a single nanowire
emitter with and without the substrate. Inset: corresponding QNM
field profile. (b) Coupling strengths between two emitters in the x
and y directions, and corresponding effective number of emitters
coupled to the emitter due to the x-direction coupling. (c) Thermal
emission from a single emitter in the array at Py ¼ 3.5 μm but
different Px. (d) Corresponding emissivity of themetasurface (gold
nanorod array), where the total thermal emission is normalized to
blackbody radiation.
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theory developed in this work is utilized to calculate the
frequency shifting [Fig. 4(d)]. Our experimental results
agree well with our new theory.
To reach the “turning point” of the correlation between

the metasurface emissivity and the nanorod packing den-
sity, we can further increase the coupling strength between
the emitters by shrinking the periodicities. Here we use the
other nanorod emitter array pattern where Px is fixed to be
0.5 μm such that the coupling in the x direction is still
strong, but Py varies. The corresponding emission spectra
are shown in Fig. 3(c). In Fig. 4(b), an optimized perio-
dicity is found to be around Py ¼ 2.75 μm as predicted by
the new scale law. The emissivity of the metasurface keeps
increasing with the increased packing density until Py
reaches 2.75 μm. After passing the optimized point, the
overall emissivity decreases with increasing the packing
density. An optimized point reaches at Py ¼ 2.8 μm
which gives the emissivity of 0.83. When Py is further
reduced, the emissivity quickly decreases. The discrepan-
cies between theory and experiment in Fig. 4 are attributed
to the following reasons. First, in QNM theory, we only
consider the contribution of dominant resonant modes. The
nonresonant component of the radiation field is treated as
background noise [28]. Second, the nanorod roughness and
the small variations of the nanorod sizes (∼20 nm in the
length direction and ∼5 nm in the width direction) also
contribute to the deviation of the theoretical prediction from
experimental results.
In summary, we develop a new scale law of far-field

thermal emission by applying QNM theory to the

metasurface consisting of densely packed plasmonic emit-
ters. The TB method is used to approximate the collective
resonant mode of the emitter array. The thermal radiation
from a single emitter inside the array is observed to be
suppressed by its adjacent emitters due to their in-phase
near-field coupling, where such the suppression of thermal
radiation can be quantitively predicted by the new scale
law. Depending on properties of the single emitter’s QNM,
the overall thermal radiation can be either positively or
negatively correlated with the packing density. This new
scale law of thermal radiation can thus serve as a general
guideline for designing metasurfaces with desired thermal
emission properties.
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